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Fourth-derivative gravity has two free parameters, α and β, which couple the curvature-squared
terms R2 and R2µν . Relativistic effects and short-range laboratory experiments can be used to
provide upper limits to these constants. In this work we briefly review both types of experimental
results in the context of higher-derivative gravity. The strictest limit follows from the second kind
of test. Interestingly enough, the bound on β due to semiclassical light deflection at the solar limb
is only one order of magnitude larger.
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I. INTRODUCTION
Fourth-derivative gravity (HDG), i.e. the system de-
scribed by the action
S =
∫
d4x
√−g
(
2R
κ2
+
α
2
R2 − β
2
R2µν − LM
)
, (1)
has two positive dimensionless free parameters α and β,
which must satisfy the constraint (3α − β) > 0 in order
to avoid tachyons on the model [1]. Here κ2 = 32piG
and LM is the Lagrangian density for the usual matter.
Contrary to general relativity (GR), this model is renor-
malizable along with its matter couplings [2], but con-
tains a massive spin-2 ghost which violates unitarity [3].
Nonetheless, it can be regarded as an effective theory at
familiar energy scales and plays a relevant role in the
search for quantum gravity [4].
In this sense it is important to find bounds on the
free parameters α and β. Some attempts in this vein
were carried out in the 1960s and 1970s, when inter-
est grew on general fourth-order theories, by studying
classical tests of GR and short-range laboratory experi-
ments [5]. The strictest limit1 at that time, α, β ≤ 1074,
was set by Stelle [1] using Long’s laboratory test of the
inverse-square law [6]. A better upper bound on β was
later determined in [7] from the analysis of light deflec-
tion in the framework of tree-level HDG, i.e. considering
gravity as a classical external field and the photon as a
quantum particle. A more recent and detailed discus-
sion on the subject can be found in Ref. [8], where this
phenomenon is studied in both classical and semiclassi-
cal approaches. The constraint β ≤ 1061 is set within
the semiclassical context, in which photon propagation
depends on its energy yet in first order at the tree-level.
∗ Contribution to the proceedings of the 14th Marcel Grossmann
Meeting, Rome 12-18 July 2015.
1 Throughout this work all figures associated to α and β must be
understood in the sense of order of magnitude.
Both Newtonian inverse-square law experiments and
relativistic effects have recently been used to estab-
lish bounds on many interesting models, such as f(R)
and scalar-tensor theories, extra-dimension scenarios and
Standard Model extensions [9–12]. Our aim in this work
is to review those experimental results in the realm of
HDG. Natural units (c = ~ = 1) are used throughout.
II. GRAVITATIONAL RED-SHIFT IN HDG
It follows from Einstein’s equivalence principle that the
difference of gravitational potential between two atoms
would be perceived as a disparity in the energy of the
photons they emit:
σ ≡ νa − νb
νa
= V (b)− V (a), (2)
where νa and νb are the frequencies of the photons emit-
ted in a and b (as measured by the same observer), and
V is the gravitational potential.
An experimental departure from GR’s prediction to
gravitational red-shift could be caused either by the vi-
olation of the equivalence principle, or of the inverse-
square force law [13]. The latter occurs in the case
of HDG, since in the weak field approximation (gµν ≡
ηµν + κhµν) it yields the effective potential [2]
V (r) = MG
[
−1
r
− 1
3
e−m0r
r
+
4
3
e−m2r
r
]
(3)
for a point-like mass M resting in the origin of the co-
ordinate system. Here we defined m20 ≡ 2(3α−β)κ2 and
m22 ≡ 4βκ2 . Substitution of the potential (3) into (2) al-
lows the study of the gravitational red-shift in the frame-
work of HDG.
A. Stellar spectra measurements
Measurements of gravitational red-shift in stellar spec-
tra are ubiquitous in astronomy as a mean of finding the
2mass-to-radius ratio of a star, on the assumption that GR
holds. Therefore, in order to use these experimental data
as a gravity test, the mass and radius of the star must be
accurately determined by an independent technique. In
this context, apart the Sun itself, double systems with a
white dwarf can be useful.
Since our distance D to the star is huge in comparison
to its radius R, the equation (2) which governs the effect
simplifies to
σ =
[
1 +
1
3
e−m0R
R
− 4
3
e−m2R
R
]
σE, (4)
which is the same of (3), being σE = MG/R the shift
predicted by Einstein’s gravity. Insomuch as the Yukawa
terms have coefficients of opposite signs, it is worthwhile
to notice that the higher-order correction vanishes for
α =
1
3
[
β + 2
(
κ ln 4
R
−
√
4
β
)−2]
, (5)
provided that
β < βc ≡
(
2R
κ ln 4
)2
. (6)
This condition on β guarantees to the m0-term the ca-
pability of compensating that of m2, which has a coeffi-
cient four times larger in absolute value. Of course, exact
cancellation would be a circumstantial phenomenon. If
β were larger than this critical βc, the red-shift would be
less than the predicted by GR, in spite of α.
The gravitational contribution to the spectrum emit-
ted by the Sun could only be precisely measured after
the 1950s, when solar physics models were developed so
as to account for the Doppler shifts due to the dynamic
character of the photosphere [14–16]. Up to now, Ein-
stein’s prediction to this phenomenon has been verified
within the uncertainty of 2% [16].
On the other hand, red-shift is more prominent in
white dwarfs’ spectra, because of their larger mass-to-
radius ratio. Smaller radii play an extra role in HDG:
since the Yukawa potentials represent short-range inter-
actions, a smaller distance allows a stronger constraint
on the free parameters. Accurate results of this type can
be derived from the spectra of Sirius B and 40 Eridani
B, for which masses and radii are known with enough
precision [17–19].
Table I shows the most precise red-shift measurements
for the aforementioned stars, together with the star’s ra-
dius (in solar radii R⊙), and the shift predicted by GR.
Error bars of the theoretical σE are due to uncertainties
on the stellar parameters2. Each of these measurements
2 We considered, for Sirius B [17], R = (8.64 ± 0.12) × 10−3R⊙
and M = (0.978 ± 0.005)M⊙; and R = (1.36 ± 0.02) × 10−2R⊙
and M = (0.50± 0.01)M⊙ for 40 Eridani B [20].
can be compared with HDG’s formula (4), regarded as
a function σ = σ(α, β). In general, the most relevant
subset of the parameter space which fits the observa-
tional data is constrained by the conditions β ≤ βc and
βc ≥ α > β/3, the last inequality being the no-tachyon
prescription. However, as β approaches the critic βc it
is possible to have α > βc, since the m2-term dominates
despite m0.
The limiting value βmax ∼ βc derived from each situa-
tion is reported in the last column of Table I. The smaller
radii of the white dwarfs resulted in the bound β ≤ 1081
which is lower than the derived from the solar spectrum,
notwithstanding the precision of the latter being better
than the former’s.
B. The Pound-Rebka-Snider experiment
Even though red-shift was conceived as an astrophys-
ical test of gravitation, the most accurate measure-
ments have been obtained in controlled environments,
namely by the Vessot-Levine [21] and the Pound-Rebka-
Snider [22, 23] experiments. The former consisted on a
maser inside a spaceship which travelled up to 10,000 km
above Earth’s surface. The frequency of the maser was
monitored along the orbit of the rocket and led to the
verification of GR’s result within a precision of 7× 10−5.
However, comparison between this figure and the model
is not straightforward, for in HDG the departure from
the Einsteinian prediction is distance-dependent and the
whole orbit must be modelled. This difficulty was also
appointed in Ref. [13].
A direct comparison, though, can be carried out in
the case of Pound-Rebka-Snider experiment, whose de-
tailed description can be found in Ref. [22]. In short, the
authors compared emission and absorption of γ rays by
nuclei located on the top and on the bottom of a 22.5-m
height tower, the potential being related to Earth’s grav-
itational field. Under these circumstances, GR predicts
the shift σE = 2.454 × 10−15; the most precise experi-
mental result was σexp/σE = 0.997± 0.008 [23].
The same procedure used to analyse the stellar spec-
tra measurements can be applied here; however, the small
separation between the atoms makes it necessary to use
the full expression (2). Hence, two relevant character-
istic lengths are present in the problem: Earth’s radius
and the height of the tower. This prohibits the formal
cancellation of the Yukawa terms – which in some sense
allowed α to be larger than βmax in the case of the stellar
spectra.
It is possible to show that agreement between HDG’s
predictions and the measured data can occur provided
that α, β ≤ 1078, as displayed in the last row of Table I.
Notwithstanding the similitude between white dwarfs’
radii and Earth’s one, here the closer figures of R and
D resulted in a more significant contribution owed by
the higher-order terms. Together with a higher preci-
sion, this yields the strictest constraint on the coeffi-
3TABLE I. Measurements of red-shift at astronomical scale and limits on β
Method R/R⊙ σE σexp/σE Ref. βmax
Sun 1 2.12× 10−6 0.99 ± 0.02 [16] 1085
41 Eridani B 1.36× 10−2 (7.8± 0.3)× 10−5 1.1 ± 0.1 [19] 1081
Sirius B 8.64× 10−3 (2.41± 0.05)× 10−4 1.11 ± 0.09 [17] 1081
Pound-Rebka-Snider 9.16× 10−3 2.454 × 10−15 0.997 ± 0.008 [23] 1078
cients, among current red-shift measurements.
III. SHORT-RANGE LABORATORY
EXPERIMENTS
Since Long’s work [6], many advances have occurred
on the field of laboratory precision experiments on gravi-
tation, aiming to probe small and smaller distances with
increasing accuracy as time goes by [24]. Verification of
the inverse-square law has now reached the micrometer
scale and allowed the setting of bounds on the constants
of various models which predict Yukawa or power-law in-
teractions [25, 26].
In this spirit, in the non-relativistic classical realm it
is possible to use the interparticle potential (3) as the
elementary potential to evaluate gravitational interac-
tion between extended bodies. The Eo¨t-Wash torsion-
balance experiments [26] are the most restrictive tests
of a Yukawa interaction with strength compatible with
HDG, i.e. having coefficients on the order of 1/3 and
4/3. Gravitational force law was probed at separations
between 9.53 mm and 55 µm in that work.
Considering the correction due to only one Yukawa po-
tential with mass m, Ref. [26] provides the limit m ≥
104 m−1. It is remarkable that this constraint differs
from the result of [4, 7] by only one order of magnitude.
In fact, β ≤ 1061 implies m2 ≥ 103 m−1. The potential
of HDG, however, has two Yukawa terms with opposite
signs which act as a tug of war between attracting and re-
pelling forces. Solutions with masses m0 and m2 smaller
than 104 m−1 could, in principle, yield correct results.
But here forces are actually measured – differently from
the stellar spectra red-shift, which probed the potential
expression directly. Hence, even the vanishing of the po-
tential at a certain separation may cause a detectable
torque; and the determination of a finer constraint would
require the modelling of the whole experiment taking into
account the potential (3). The upper limit derived from
a preliminary analysis of the Eo¨t-Wash experiment is,
thus, α, β ≤ 1060.
IV. CLOSING REMARKS
As it is long known, classical tests at astronomical
scales only offer weak constraints on the coupling con-
stants α and β [1]. For instance, measurements of the
red-shift in the solar spectra yield the upper bound 1085,
while deflection of light rays grazing the Sun leads to
1083 [8]. Both tests have the same characteristic length
of one solar radius, the difference between the limits they
convey being due to the current experimental precision
which is better in the latter thanks to the use of very
long baseline interferometry of radio waves [27].
Gravitational red-shift at the scale of one Earth radius
yields the limit 1078 (Pound-Rebka-Snider experiment),
which is still large enough to violate the Newtonian force
law at familiar separations of centimetres and kilometres.
We did not consider in our analysis the perihelion pre-
cession, since even in the realm of GR it is only satis-
factorily predicted if the full non-linear theory is used.
But given that the tightest constraint would follow from
the length scale of Mercury’s orbit, we cannot expect a
better result than the other classical tests.
The best constraints are given by short-range tests
of the inverse-square law, which is intuitive since the
higher-order terms are supposed to represent corrections
at small distances, close to the Planck scale, where quan-
tum gravity effects would become relevant. The most
stringent bound at the present time is α, β ≤ 1060, four-
teen orders of magnitude smaller than the corresponding
figures available forty years ago [1].
It is astonishing that a constraint only one order of
magnitude larger than this can be set to the parameter
β by the semiclassical analysis of the deflection of pho-
tons passing by the Sun [8]. This only happens because of
the R2µν-sector, which is responsible for both the repelling
force and the energy-dependent scattering. (Light bend-
ing does not depend on α, neither semiclassically [7].)
In general, the classical limits presented in this work
agree with those found to α in the context of quadratic
gravity (as in Refs. [10, 11]), i.e. only considering the
sectors R and R2, which can be regarded as a first order
expansion of f(R) models. This is consequence of the
similitude between the corrections supplied by the sectors
R2 and R2µν in the classical non-relativistic domain.
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